Abstract. Let n be a nonnegative integer. The n-th Apéry number is defined by
Introduction
The well-known Apéry numbers given by
(n ∈ N = {0, 1, . . .}),
were first introduced by Apéry to prove the irrationality of ζ(3) = ∞ n=1 1/n 3 (see [1, 6] ). In 2012, Z.-W. Sun introduced the Apéry polynomials
and deduced various congruences involving sums of such polynomials. (Clearly, A n (1) = A n .) For example, for any odd prime p and integer x, he obtained that 
.).
In 1850 Kummer (cf. [4] ) proved that for any odd prime p and any even number b with b ≡ 0 (mod p − 1)
For m ∈ Z + = {1, 2, . . .} the n-th harmonic numbers of order m are defined by
and H (m) 0 := 0. For the sake of convenience we often use H n instead of H
n . From [3] we know that H p−1 ≡ −p 2 B p−3 /3 (mod p 3 ) for any prime p ≥ 5. Thus (1.2) has the following equivalent form
Via some numerical computation, Sun [10, Conjecture 4.2] conjectured that (1.4) also holds modulo p 6 provided that p ≥ 7. This is our first theorem.
Motivated by Sun's work on Apéry polynomials, V.J.W. Guo and J. Zeng studied the divisibility of the following sums:
Particularly, for r = 1, they obtained 
This is our second theorem. Proofs of Theorems 1.1-1.2 will be given in Sections 2-3 respectively.
Proof of Theorem 1.1
The proofs in this paper strongly depend on the congruence properties of harmonic numbers and the Bernoulli numbers. (The readers may consult [4, 7, 9, 11] for the properties of them.) Below we first list some congruences involving harmonic numbers and the Bernoulli numbers which may be used later. 
where q p (2) denotes the Fermat quotient (2 
(p−1)/2 can be reduced to
and
respectively. By Lemma 2.1, we immediately obtain that H p−1 ≡ −pH
. Thus
Recall that the Bernoulli polynomials B n (x) are defined as
Clearly, B n = B n (0). Also, we have
for any positive integer n and m.
The alternating multiple harmonic sum [12] is defined as follows
Lemma 2.3. For any prime p ≥ 7 we have
Proof. In [12, Section 6], Tauraso and Zhao proved that
Combining the above two congruences we immediately obtain the desired result.
Lemma 2.4. Let p ≥ 7 be a prime. Then we have
Proof. By Lemma 2.2, it is easy to check that 
where the last step follows from the fact B n = 0 for any odd n ≥ 3. By [4] we know that B n (1/2) = (2 1−n − 1)B n . Thus
With helps of Lemmas 2.2 and 2.3, we have
Combining this with (2.5), we have completed the proof of Lemma 2.4.
Lemma 2.5. Let p ≥ 7 be a prime. Then we have
Proof. By [5, Eq. (3.13)] we know that for any odd prime p
On the other hand,
by Lemma 2.2. Thus
In view of Lemma 2.2, we have
This together with Lemma 2.4 proves Lemma 2.5.
Lemma 2.6. [10, Lemma 2.1] Let k ∈ N. Then for n ∈ Z + we have
Proof of Theorem 1.1. By Lemma 2.6 it is routine to check that
Note that We first consider Σ 1 modulo p 4 . Clearly,
For r ∈ {2, 3, 4},
By the above and in view of Lemma 2.2,
Now we turn to Σ 2 modulo p 2 . By Lemma 2.2,
where
It is easy to see that
(p−1)/2 + 1 2
Also,
Combining the above we deduce that
(p−1)/2 + 4
Note that
By [12, Proposition 7.3] we know that 
Proof. By Lemma 2.2 we arrive at
Furthermore,
From the above and with the help of Lemma 3.2, we obtain (3.3). Now we turn to prove (3.4) . It is easy to see that (2m + 1)
Proof. It can be verified directly by induction on n.
Proof of Theorem 1.2. The case p = 5 can be verified directly. Below we assume that p ≥ 7. By Lemma 3.4 we have 
